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Introduction

ODERN sandwich structures consist of stiff faces, often un-
symmetrical, and plastic foam as core, which is flexible in
nature. To analyze such a structure, a theory is needed that can ac-
countfor the transverseflexibility of the core and shear deformation.
Traditionally, sandwich structures are analyzed using Timoshenko
theory, in which the shear stress distribution is assumed to be con-
stant across the thickness and the core is assumed to be rigid in
transverse direction (see Ref. 1). A refinement to such a theory is
a higher-order displacement field, where shear stress distribution is
not assumed constant. Such refinements can account for shear de-
formation very easily, but transverse flexibility is not accounted for.
A further refinement is to enhance the core analysis where trans-
verse flexibility can be accounted for. Frostig et al.> developed a
sandwich beam theory that accounts for core flexibility. This the-
ory is extended by Swanson® for multiple supports and overhang.
Recently, Pai* and Perel and Palazotto® developed finite element
for flexible core sandwich structures. A good review on sandwich
structures is given in Ref. 6.
In the present work, a simply supported sandwich beam of
isotropic layers is considered. The two thin stiff faces are connected
to a flexible core. The thin faces are analyzed using classical beam
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theory, where the assumptions of the plane section remaining plane
and constant thickness are applicable. The thick core is analyzed
using a more involved solution, that is, two-dimensional elasticity
theory under plane stress conditions.” This two-dimensional solu-
tion, being general in nature, will account for transverse flexibility
of the core, as well as shear deformation. This technique reduces
the complexity of the solution as compared to if all of the layers are
analyzed a using two-dimensional solution for such a problem.

In the present formulation, in-plane and transverse displacement
boundary conditions are satisfied at the interface. The shear stress
at the interface is modeled as moment and an in-plane force in the
face.

For comparison, results of a solution is also obtained for the
sandwich beam when all of the three layers are analyzed using two-
dimensional elasticity under plane stress conditions. Present results
are also compared with a conventional higher-order theory and a
layer-by-layer theory referred to as trigonometric shear deforma-
tion theory-equivalentsingle layer (TSDT-ESL) and TSDT-zig zag
(TSDT-ZZ). The displacement field and governing equations for
these refined theories are given in Ref. 8.

Formulation of the Problem

A schematic diagram of the sandwich beam is shown in Fig. 1a.
Let Young’s modulii of the top face be E,, the core be E ., the bottom
face be E,, and Poisson’s ratio of the core be v.. The thickness of
the top face is 1, that of the core is /., and that of the bottom face
is t,. The beam width is b.

The top and bottom faces are taken as a beam connected to an
elastic core. The various stresses acting on the skins and core are
shown in Fig. 1b. The shear stress at the interface is modeled as an
in-plane load and a moment in the skin for the analysis as shown in
Fig. 1c.

Let the lateral loading at the top of the top face be g and

o0
q = E E, sinax,

m=1

2 [
E, = 7/ g sinax dx (D)
0

The stresses acting on the core are representedin series form, at the
top of the core

00

o0
oy = E —B,, sinax, Ty = E C,, cosax )

m=1 m=1

and at the bottom of the core

00

o0
oy = E —A, sinax, Ty = E D,, cosax 3)

m=1 m=1

where « =m /[ and [ is the length of the beam and E,, is constant
and depends on loading on the top face. 4,,, B,,, C,,, and D,, are
unknowns.

Solution for the Top Face

Figure 1c shows the loads acting on the top face. The lateral
deflection v, of the top face is assumed in terms of unknown constant
S, as

o0
v = Z S,, sinax 4)
m=1

From Fig. 1c, note that lateral loading and distributed moment in
the top face is

bt, &
qy = Z SiIlCHC(Em - me)v T,\' = 71 Z Cm cosax (5)
m=1

m=1
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Fig.1 Schematic of sandwich beam and loading on different elements.

Substitute the expressionsfor g, and 7, in Eq. (A3) (see Appendix).
The governing equation for the top face is obtained as

N . bt,
Z EIII(X Sm + 7“

m=1

Cm - ( m me) =0 (6)

In Eq. (6), I, is moment of inertia of the top face.
From Fig. 1¢ note that axial loading in the top face is

pe=>b Z C,, cosax (7)

m=1

When Eqgs. (4) and (7) are used in Eq. (A8), the total axial displace-
ment u, in the top face due to bending and in-plane load is obtained
as

— ya Sm} cosax )

Solution for the Core

The core is assumed to be an in-plane stress condition. The solu-
tion is obtained by using a stress function satisfying the biharmonic
equation’:

V2V2¢ =0 )
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The stress function ¢ is

¢ = Z sinax (ClnzChay + CZmShay + C3myChC{y + C4my5hay)
m=1

(10

Cims Com, C3,n, and Cy, are constantsto be obtained from the bound-
ary conditions, that is, the stress boundary condition on the top and
bottom of the core [Egs. (2) and (3)].” The stresses acting on the
core are shown in Fig. 1b.

Stresses are given in terms of stress function as

3¢ 2’9 )

o, = —— =

b U-\’ T,\’V
0x2 . 0 y2 ’ 0xdy

(11

In general, displacements are given as

_ L[, 3_¢
Sy

! 3¢ )
MC—E—{/azd —vca—x+f(y)} (12)

where v, and u, are lateral and in-plane displacement.

Solution for the Bottom Face

Figure 1c shows the loads acting on the bottom face. The lateral
deflection v, of the bottom face is assumed in terms of the unknown
constant 7, as

v =Y T,sinax (13)

m=1

From Fig. 1c note that lateral loading and distributed moment in the
bottom face is

= bt
= Z bA,, sinax, T, = —h Z D, cosax (14)
m=1 m=1

Substitute the expressionsfor g, and 7 in Eq. (A3). The governing
equation for the bottom face is obtained as

- bt
Z Eh [h (3(4 Tm + 2h m

m=1

—bA, =0 (15)

In Eq. (15), I, is moment of inertia of the bottom face.
From Fig. 1c note that axial loading in the bottom face is

p.=—b Z D,, cosax (16)

m=1

When Eqgs. (13) and (16) are used in Eq. (A8), the total axial dis-
placement u,, in the bottom face due to bending and in-plane load
is obtained as

U, = Z { E,,t,,az —vyaT, } cosax (17)

m=1

Derivation of Governing Equations for Sandwich Beam

The governing equations for the top face, core, and bottom face
that have been obtained in the preceding sections will be utilized to
obtain the governingequations for a sandwich beam. The governing
equations are obtained by comparing the in-plane displacementand
lateral displacement at the interface and using the beam bending
equations (6) and (15).
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Comparing v at y = +h, /2 and using Eqs. (12) and (13) one gets

1 0? a
— —¢dy—vc—¢ =T, sinax (18)
E. , 0x? ay

i y=+he/2

Comparing u at y = +h./2 and using Eqgs. (12) and (17), one gets

2
L[y,

E, . 0y? ox
. y=-+he/2
Dﬂl hC
=1{——————aT, (cosax (19)
EhthC{Z 2

Comparing v at y = —h./2 and using Eqgs. (4) and (12), one gets

1 32 )
— —dy —v.—
E, , 0x? ay

° y=—hc/2

=S, sinax (20)

Comparing u at y = —h./2 and using Egs. (8) and (12), one gets

1 0%¢ ¢
— —dx —v.—
E, . 0y? ax

y=—hc/2

Cn + he s (21)

=1{—— 4+ —as, ( cosax
E t,a? 2

The governingequations(6), (15),and (18-21) containsix unknown

constants (A,,, B,,, C,., D,,, S,., and T,,). These constants are ob-

tained for each m. When these constants are used, displacements

and stresses can be obtained in the core and skins.

Numerical Results and Discussion

The function v, v;, and ¢ chosen satisfy the following boundary
conditionsat x =0, /: o, =0,

/nydy=0

and v = 0. Numerical results are presented for different core elastic-
ity modulusand uniformloadingon the top of the beam. The material
propertiesconsideredare E, /E. = 1,10, 100,and 500; v, =0.3;and
E, = E,.The geometryofthebeamis s, =0.9h,t, = 1, = 0.05h, and
[/h =20, where h is total thickness of the beam.

The material properties range from an isotropic beam
(E,/E.=1.0) to a very flexible core (E,/E.=500). The results
obtained from the present theory are compared with the two-
dimensionalelasticity solutionunder plane stress for a layered beam
of isotropic material. Results are also compared with displacement
based higher-ordertheory of two types, that is, conventional equiv-
alent single layer (TSDT-ESL) and an advanced layerwise zig-zag
theory (TSDT-ZZ).? In the case of TSDT-ESL, the transverse shear
stress is obtained using an equilibrium equation approach which is
a standard method in such theories.

Here, v=E,h*v(/2,0)/ql*, i =Eu(0,h/2)/hq, and T, =
7,(0,0)/q.

Table 1 shows the results for sandwich beam subjected to uni-
formly distributed load (UDL) on the top face. Note that, as ex-
pected, TSDT-ESL predictions are not good for flexible core, that
is, E,/E. = 500.

To demonstrate the capability of the present model, a thick beam
is considered in which E,/E, =500 and //h =10. The in-plane
displacement u, when it is subjected to a UDL, is shown in Fig. 2.
Note that present method’s predictions match very well with the
beam solution when all three of the layers are analyzed using a
two-dimensional elasticity solution under plane stress conditions.
TSDT-ZZ is able to capture the kink but not the compression effect.
TSDT-ESL is not adequate for the geometry, material property, and
loading considered here.

Itis known thatbeam bendingis close to the plane stress problem,
anditis more appropriatewhen the beamis narrow.” Note that, in the

Table 1 Sandwich beam subjected to UDL, I/h =20

Theory v it Tay
E/ JE.=1
Two-dimensional 0.1571 1798.0 14.81
Present 0.1570 1802.0 14.83
TSDT-ESL 0.1572 1801.0 14.78
TSDT-ZZ 0.1572 1801.0 15.38
E,/JE.=10
Two-dimensional 0.4625 5218.0 11.69
Present 0.4629 5120.0 11.69
TSDT-ESL 0.4621 5230.0 11.58
TSDT-ZZ 0.4627 5230.0 12.02
E,/JE. =100
Two-dimensional 0.6423 6384.0 10.54
Present 0.6431 6398.0 10.54
TSDT-ESL 0.6237 6430.0 10.44
TSDT-ZZ 0.6426 6489.0 10.64
E,/E. =500
Two-dimensional 0.9776 6256.0 10.34
Present 0.9787 6290.0 10.34
TSDT-ESL 0.7727 6470.0 10.34
TSDT-ZZ 0.9778 6284.0 10.38
0.5+
. 0.4 1 Pres
““Q-3 | - — — Exact
N L TSDT-ESL
2 —TSDT-2Z
0.\
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Fig.2 Comparison of in-plane displacement i for E,/E. = 500, 1/h =10,
UDL.

literature, the beam bending results are compared with cylindrical
bending of the plate problem, which is a direct reduction of a three-
dimensional solution to a two-dimensional solution by considering
one of the dimensionsin the plane of the plate as infinite. Cylindrical
bending of plate is a plane strain problem.’

Conclusions

The present problem considered is a three-isotropic-layer beam.
If solved using a two-dimensional elasticity solution under plane
stress conditions, 12 unknowns have to be evaluated. In the present
problem, six unknowns are evaluated by simplifying the analysis
of the top and bottom faces where it is appropriate, and the core is
analyzed by the more rigorous solution where it is required. It is a
pseudoexactsolution for a sandwich beam.

Appendix: Governing Equation for a Beam Element

Figure A1l shows a beam element subjected to various forces and
moments. The govening equation for such a beam element is

M, +%+qv =0 (A1)
0x2 ox ’
where
M, = —Elﬁ (A2)
0x?

where E and [ are elastic modulus and moment of inertia of the
beam element.
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Fig. A1 Beam element subjected to different loads.

The governing equation for the beam subjected to lateral loading
and distributed moment can be obtained by substituting Eq. (A2) in
Eq. (A1),

prdv Ty (A3)
ax4 0x =

In-plane displacement due to bending of the beam

ov
=y (A4)
X

h

Equilibrium of in-plane forces gives

— +p. =0 (A5)
Bx

where p, is distributed in-plane load.
For a beam of width b and thickness ¢,

ou,
N, = bio,. o, = Ee, = B2~ (A6)
ox

where u“ is in-plane displacement due to axial load. Sustitute
Eq. (A6) in Eq. (A5) and integrate:

th// —pdxdx (A7)

The total in-plane displacement due to bending and axial force is

=u “=—— . A8
u=u +u y th//p (A8)

References

lGordaninejad, F, and Bert, C., W., “A New Theory for Bending of Thick
Sandwich Beams,” International Journal of Mechanical Sciences, Vol. 31,
No. 11/12, 1989, pp. 925-934.

2Frostig, Y., Baruch, M., Vilnay, O., and Sheinman, I., “High-Order
Theory for Sandwich-Beam Behavior with Transversely Flexible Core,”
Journal of Engineering Mechanics, Vol. 118, No. 5, 1992, pp. 1026—
1043.

3Swanson, S.R., “An Examinationofa Higher Order Theory for Sandwich
Beams,” Composite Structures, Vol. 44, 1999, pp. 169-177.

4Pai, F. P, and Palazotto, A. N., “A Higher-order Sandwich Theory Ac-
counting for 3-D Stresses,” International Journal of Solids and Structures,
Vol. 38,2001, pp. 5045-5062.

SPerel, V. Y., and Palazotto, A. N., “Finite Element Formulation for Cylin-
drical Bending of a Transversely Compressible Sandwich Plate, Based on
Transverse Strains,” International Journal of Solids and Structures, Vol. 38,
2001, pp. 5373-5409.

%Vinson, J. R., “Sandwich Structures,” Applied Mechanics Review,
Vol. 54, No. 3, 2001, pp. 201-214.

"Timoshenko, S. P., and Goodier, J. N., Theory of Elasticity, McGraw—
Hill, New York, 1982.

8Arya, H., Shimpi, R. P,, and Naik, N. K., “A Zigzag Model for Lam-
inated Composite Beams,” Composite Structures, Vol. 56, 2002, pp. 21—
24.

Pagano, N. J., “Exact Solutions for Composite Laminates in Cylin-
drical Bending,” Journal of Composite Materials, Vol. 3, 1969, pp. 398—
411.

A. N. Palazotto
Associate Editor

Optimal Fiber Angles to Resist the
Brazier Effect in Orthotropic Tubes

Luca S. Cecchini* and Paul M. Weaver'
University of Bristol,
Bristol, England BS8 ITR, United Kingdom

Introduction

S a thin-walled, circular, cylindrical shell is subjected to bend-

ing deflections, it will tend to ovalize according to the Brazier'
effect. In doing so, the diminishing cross-sectional second moment
of area of the tube reduces the flexural stiffness of the structure.
This Technical Note details the ply configurations of composite
tubes that maximize the critical failure (Brazier') moment, where
the reduced second moment of area is no longer able to sustain the
applied moment.

Vlasov’s? semimembrane theory assumes that longitudinalbend-
ing of a tube is resisted principally by A;; (longitudinal stiff-
ness) terms and cross-sectionaldeformationby D,; (circumferential
bendingstiffness). This dependencyis confirmed both by Kedward,?
who expandedBrazier! analysisto includeorthotropicshells,as well
as by Harursampath and Hodges.* They found the critical failure
load of a thin-walled cylinder under bending to be

M, =3.42a\/A, - Dy, (1)
M., = 4.223a\/A,, - Dy, )

respectively (where a is the tube radius). Despite coefficient differ-
ences, both models confirm that a maximization of limit moment
must maximize A;; - Dy,.

This Technical Note provides an analytical optimization of shell
composition with respect to the critical Brazier' moment, which
will be useful in the design of structures where material failure and
local buckling are not likely to occur.

Ply Configuration

The A;; term is a tensile/compressive stiffness and, thus, depen-
dent solely on cross-sectional area of the plies. As such, it is not a
function of stacking order, but only of the average longitudinal stiff-
ness of plies, and is maximized by including as many 0-deg plies as
possible. Conversely, the transverse shell bending stiffness Dy, is
stacking order dependent, being a function of the shell wall second
moment of area. The maximization of this term is dependenton the
placementof circumferential (90-deg) plies far from the shell wall’s
neutral axis.

It, therefore, appears intuitive that in highly unidirectional com-
posites, the optimal layup will consist of 90-deg plies sand-
wiching a 0-deg layer. To test this hypothesis, a generalized or-
thotropic, symmetric three-layer configuration of balanced (£6)
plies, [£6(0), £0(M)], (Fig. 1) is studied to determine the opti-
mum ply angle of each layer. The validity of only three layers will be
analyzed subsequently, and the optimum relative layer thicknesses
will be found.
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